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The decay of laminar disturbances and turbulence in mean shear-free flows is studied. In laminar
flows, such disturbances are linear superpositions of modes governed by the Orr–Sommerfeld
equation. In turbulent flows, disturbances are described through transport equations for
representative mean quantities. The link between a description based on a deterministic evolution
equation and a probability-based mean transport equation is established. Because an uncertainty in
initial conditions exists in the laminar as well as the turbulent regime, a probability distribution must
be defined even in the laminar case. Using this probability distribution, it is shown that the
exponential decay of the linear modes in the laminar regime can be related to a power law decay of
both the~ensemble! mean disturbance kinetic energy and the dissipation rate. The evolution of these
mean disturbance quantities is then described by transport equations similar to those for the
corresponding turbulent decaying flow. ©1999 American Institute of Physics.
@S1070-6631~99!00609-1#
I. INTRODUCTION
Demands on the range of applicability of turbulence
modeling are increasing, and with these increasing demands
has come the need to develop transition models within the
context of the traditional Reynolds-averaged turbulence
modeling. Such transition models would encompass the
laminar/transitional regimes, along with the turbulent re-
gime, describing averaged flow properties such as the mean
disturbance energy and dissipation rate. In order to develop a
transition/turbulence model for wall-bounded flows, which
uses the strategy of employing an intermittency function that
interpolates between the laminar regime with its linear dis-
turbances and the fully turbulent regime with its stochastic
fluctuations, we believe a consistent mathematical descrip-
tion of the two regimes is necessary. This ultimate objective
leads us to this initial study.
The study of homogeneous turbulence has become an
essential element in the calibration of turbulence closure
models. The simplest of the homogeneous flows is decaying,
isotropic turbulence, which traditionally has been used to
determine the destruction coefficient in the modeled dissipa-
tion rate equation used in two-equation and higher-order clo-
sure models. As a first step toward the development of a
transition model, and in order to establish a commonality
between the two flow regimes, homogeneous disturbance
fields in the laminar regime are studied and compared to
homogeneous, isotropic decaying turbulence.
In all flow regimes, disturbances are defined here as de-
viations from the ensemble mean. The laminar regime is de-
fined as the region of the flow in which the ensemble mean
velocity ~zero in the case of the homogeneous flows consid-
red in this study! corresponds to a stationary solution of the
Navier–Stokes equation, and disturbances from this mean
velocity are small enough in amplitude that their nonlinear
interactions can be neglected. In this regime, the evolution of
the disturbances is completely predictable from their initial
state. Traditionally in laminar stability theory, disturbance
fields are studied through the linear Orr–Sommerfeld equa-
tion, which describes the evolution of individual infinitesi-
mal disturbance modes. Even when a quantity, such as the
disturbance energy, is studied, it is the evolution of the in-
stantaneous quantity rather than an ensemble average that is
investigated. In contrast, the turbulent regime is defined as
the region where the flow is subject to stochastic fluctua-
tions, arising from nonlinear interactions, which render the
behavior of the disturbances unpredictable. In this case the
disturbance field is studied through~modeled! transport
equations which describe the evolution of mean turbulent
correlations. The purpose of this study is to reconcile these
two apparently disparate approaches through a common
mathematical analysis.
While the Orr–Sommerfeld equation accounts for vis-
cous effects on disturbances, it neglects the influence of any
nonlinear interactions. The behavior of finite-amplitude dis-
turbances can be different and is more complex since non-
linear interactions occur. However, the intent here is to ana-
lyze, within the framework of~ensemble! mean disturbancea!Electronic mail: t.b.gatski@larc.nasa.gov
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transport equations, the behavior of the linear disturbance
fields which characterize the beginning of a transition pro-
cess, and ultimately lead to a fully turbulent field. The ap-
proach taken here is based on the observation that even in the
laminar regime every flow is subject to an inevitable uncer-
tainty in initial conditions. Therefore, although each indi-
vidual disturbance evolves deterministically, a probability
distribution must be introduced for the calculation of en-
semble mean properties. This approach is similar to rapid
distortion theory~RDT! in that it is based on linearized dis-
turbance equations; however, the physical interpretation is
different. The RDT considers flows in which turbulence is
fully developed and uses linearized equations to study the
behavior of the disturbances under rapid distortion. The RDT
is usually applied to short time evolution and the effect of
viscosity is neglected. In the approach taken here, there is no
limitation on the period of time evolution as long as the
disturbances remain small, and the effect of viscosity is es-
sential.
II. BOUNDARY-FREE DISTURBANCE FIELDS
Consider first the case of disturbances in a laminar, zero
mean-shear flow with no boundaries. Solid boundaries do
indeed play a key role in the dynamics of any laminar dis-
turbances and the transition process itself; however, in order
to establish the mathematical framework, this first example
will be unbounded, as is the decaying homogeneous turbu-
lent flow. For this initial-value problem, an arbitrary solution
of the Orr–Sommerfeld equation~here, the linearized
Navier–Stokes equations! is given by
ui~x,t !5E d3k ui0~k!e( ik•x2nk2t), ~1!
wherek5(k1 ,k2 ,k3) is the wave number vector in the co-
ordinate directionsx5(x,y,z), respectively, andn is the ki-
nematic viscosity. Because the initial conditions are uncer-
tain, an ensemble of such disturbances is considered for
which a probability distribution can be ascribed to the initial
mode amplitudes,ui
0(k). The mean of this distribution is
zero and the covariance is^ui
0(k)uj
0(k8)&. The corresponding
two-point correlation function of the disturbance field is then
^ui~x,t !uj~x8,t !&5E d3k d3k8^ui0~k!uj0~k8!&
3ei (k•x1k8•x8)e2n(k
21k82)t, ~2!




0~k8!&5d3~k1k8! f i j ~k!. ~3!
The two-point correlation function is then given in the form
Ri j ~r ,t !5E d3k f i j ~k!e~ ik•r22nk2t !, ~4!
with the corresponding energy spectrum tensor
Ei j ~k,t !5 f i j ~k!e
22nk2t, ~5!
which is assumed to be analytic at the origin.1 This yields a
wave number distribution forf i j which satisfies both isot-
ropy and incompressibility,
f i j ~k!5~k
2d i j 2kikj ! f ~k
2!, ~6!
where f (k2) is a nonsingular, scalar function which can be
related to the mean disturbance kinetic energy through
K~ t !5
1
2 E d3k Eii ~k,t !5E d3k f ~k2!k2e22nk2t. ~7!
In general,f (k2) must go to zero sufficiently rapidly at in-
finity so that the integral in~7! is finite at t50. A natural
choice for f (k2) is the normal distribution exp (2ak2). With
this choice off (k2), Eq. ~7! then gives the mean disturbance
kinetic energy
K~ t !5K0S 11 2na t D
25/2
, ~8!
whereK0 is the initial value ofK. Recall that for decaying
homogeneous turbulence, the power law behavior for the fi-
nal period of decay1,2 is K(t)}t25/2. Thus, the decaying lin-
ear disturbances have the same temporal character as turbu-
lence in the final period of decay.
The covariance of the initial mode amplitudes given in
~3! can then be written explicitly as
^ui
0~k!uj










is a probability distribution for the disturbance second-
moments, normalized so that*d3k P(k)51, anda is related
to the variance of the distribution. With this distribution
P(k), other second moments can be calculated. For example,









can be written as










K0S 11 2nta D
27/2
, ~12!
which, for this decaying flow, is simply given by the time
derivative of the disturbance kinetic energy in~8!, that is,
K̇52«.
It is well known that for any power law decay of the
mean disturbance kinetic energy, with power2p, the mean
disturbance dissipation rate equation
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For this case of mean, laminar shear-free flow with no
boundaries, the coefficientC«2 is then 1.40. In the turbulent
case, values in the range of 1.80–2.00 have been deduced
from experiments,3–5 although the values more commonly
used are delimited by 1.83–1.92.
In the turbulence case, there has been a considerable
amount of research associated with the proper choice of de-
cay rate.6,7 The values obtained have ranged from a power
law decay with exponent2 65 @corresponding to ak
2 low
wave number behavior of the energy spectrumE(k)
}k2Eii (k)] to a power law decay with exponent2
10
7 ~Kol-
mogorov decay law corresponding to ak4 low wave number
behavior!. In the laminar disturbance case, the temporal and
the wave number dependence of the energy spectrum tensor
are both given explicitly from the disturbance mode solu-
tions of the Orr–Sommerfeld equation together with a prob-
ability distribution. The probability distribution enforces ana-
lyticity at k50 and goes to zero sufficiently rapidly at
infinity so that the integrals exist. A simple integration over
wave numbers then yields the decay law of the disturbance
kinetic energy with exponent2 52, in agreement with the final
period of decay for the fully turbulent case. This agreement
is not surprising, because in the final period of decay, vis-
cous effects are dominant, with the small scale~high wave
number! turbulence already decayed away.
III. WALL-BOUNDED DISTURBANCE FIELDS
While it is encouraging to have identified a relationship
between the decaying linear disturbances and decaying tur-
bulence in the boundary-free flow, a wall-bounded flow is
more relevant for an analysis of linear disturbances which
evolve through a transition stage and then into full turbu-
lence. Shear-free decaying turbulent flows with boundaries
have been the focus of experimental,8,9 theoretical,10 and nu-
merical simulation11 studies. The motivation for these studies
was to assess the inhibiting effect on the turbulent fluctua-
tions due to the presence of the wall in the absence of any
mean shear arising from the relative motion between the
mean flow and the wall. In this paper, the corresponding case
of disturbances in a laminar, zero mean-shear flow with a
boundary will be studied. For laminar disturbances, the wall
has the effect of fixing the phase of the Orr–Sommerfeld
modes in the wall-normal direction.
The wall-normal direction is they direction, and the wall
boundary is located in the (x,z) plane aty50. In this flow,
the modes are given by
ûi~y,k!e
i (k•x2vt), ~15!
where nowk5(k1, 0, k3) is the wave number vector in the
coordinate directions (x,y,z), respectively, andv is the com-
plex frequency of the disturbances. An analysis12 of the Orr–
Sommerfeld equation shows that bounded solutions only ex-
ist whenv is pure imaginary (v5 iv i , i 5A21) and
v i52~11l!nk
2,2nk2, ~16!
where the parameterl~.0! has been introduced. For three-
dimensional disturbances, Squire’s transformation is used,
and the Orr–Sommerfeld equation determines the velocity
disturbancesû2 andk1û11k3û3. The individual disturbance
components,û1 and û3, can then be determined in one of
two ways. First, the pressure field can be determined from
the linearizedû2 momentum equation and then substituted
into both theû1 andû3 linearized momentum equations. Sec-
ond, the kinematic equation for they component of vorticity
i (k3û12k1û3) can be coupled with the relation betweenû2
and (k1û11k3û3) from the Orr–Sommerfeld equation to de-
termine û1 and û3 individually. Because the solution for
(k1û11k3û3) and û2 obtained from the Orr–Sommerfeld
equation is an irrotational wave of arbitrary amplitude, and
the solution of the vorticity equation has an independent am-
plitude, it is necessary to introduce a new parameter,m, for
the ratio of these two amplitudes. The component distur-



























where k5Ak121k32 becausek250. At the wall where the
no-slip condition is applied,ûi50, and far from the wall in
the freestream, where2ky˜0, the modesûi are periodic
functions ofy. It should be recognized that these expressions
for the velocity components, because of the no-slip wall
boundary conditions, have fixed the phase of the distur-
bances in they direction. In the absence of the wall boundary
condition, the exponential terms would not appear and the
phase would remain arbitrary in this direction.
The component disturbance modes~17!–~19! form a
complete set13 of non-normalizable eigenfunctions. A distur-
bance in the laminar regime is a linear combination of these
eigenfunctions
ui~x,t !5E dl dm d2kF~l,m,k1 ,k3!ûi~y,k!
3e[ ik•x2(11l)nk
2t] , ~20!
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which is normalizable in accordance with the finiteness of
the disturbance kinetic energy. In Eq.~20!, the initial mode
amplitudeF(l,m,k1 ,k3) is again an element of an ensemble
with mean zero and covariance^F* (l,m,k1 ,k3)
3F(l8,m8,k18 ,k38)&. Since the modesûi are complex, the
two-point correlation function is the real part of
^ui* ~x,t !uj~x8,t !&5E dl dm dl8dm8d2k d2k8





where* quantities denote complex conjugates. Homogeneity
in the x1 and x3 directions then implies that
^F* (l,m,k1 ,k3)F(l8,m8,k18 ,k38)& containsd(k12k18)d(k3
2k38)P(k1 ,k3) where, due to invariance under rotations
about they axis, P(k1 ,k3) is a function of k2. It is still
necessary to fix the dependence of the covariance
^F* (l,m,k1 ,k3)F(l8,m8,k18 ,k38)& on (l,m,l8,m8). This is
done by imposing an appropriate isotropy condition in the
freestream, where the decaying exponentials can be set equal
to zero in the component disturbance mode equations~17!–
~19!. In the boundary-free case, the disturbance field is iso-
tropic, and the ensemble mean square of the three velocity
components and of the three vorticity components are equal
at each point throughout the domain. In the bounded case,
the wall fixes the phases of the laminar disturbances in they
direction even for large values ofy, and it is not possible to
impose pointwise isotropy as a condition on an ensemble of
such disturbances. However, for large values ofy
~freestream!, a weaker form of isotropy can be imposed on
the disturbance field by averaging over they direction. Spe-
cifically, this requires that in the free stream the ensemble
mean square of the three velocity components and of the
three vorticity components, integrated overy, be equal. The
simplifying assumption must also be made that
^F* (l,m,k1 ,k3)F(l8,m8,k18 ,k38)& is diagonal inl andm so
that
^F* ~l,m,k1 ,k3!F~l8,m8,k18 ,k38!&
5d~l82l!d~m82m!d2~k2k8!P~k1 ,k3!p~l,m!, ~22!
where the functionp(l,m) remains to be determined from
the isotropy conditions. Takingy1 sufficiently large that







5E dk1 dk3dldmP~k1 ,k3!p~l,m!
3
1







5E dk1 dk3dldmP~k1 ,k3!p~l,m!
3
1







5E dk1 dk3dldmP~k1 ,k3!p~l,m!
3
1
2 F ~11l! k32k2 1m2 k12k2Ge22(11l)nk2t, ~25!
where the integration overy has eliminated the cross terms
cos (Alky) sin (Alky), while sin2 (Alky) and cos2 (Alky)
have each yielded an average of12. The terms containing
k1k3 have also vanished sinceP(k1 ,k3) is even ink1 and in
k3. According to the assumed isotropy, the functionp(l,m)
must have the property that the right-hand sides of Eqs.
~23!–~25! must be equal. The condition that, averaged over
y, ^uu1u2&5^uu3u2& is satisfied automatically, while the con-







where use has been made of the identity
E d2k k12F~k2!5E d2k k32F~k2!5 12E d2k k2F~k2!,
~27!
when F is any function ofk2 for which the integral exists.
Calculating the vorticity v j (x,t) from the modes
ûi(y,k)e
( ik•x2(11l)nk2t), with e2ky[0, one obtains expres-
sions analogous to~23!–~25!, for the ensemble mean square
vorticity components averaged overy. Isotropy again re-
quires that these three mean square vorticity components are
equal. The condition that, averaged overy, ^uv1u2&
5^uv3u2& is satisfied for any functionp(l,m), and the de-
mand that̂ uv1u2&5^uv2u2& yields the relation
1
2 F ~11l!21lm21l121 1lG5m2. ~28!








which is enforced by taking
p~l,m!5dS l2 12D dS m2 3A2D . ~30!
The remaining functionP(k1 ,k3) in the covariance~22! will
be determined from a consideration of the two-point correla-
tion function and the energy spectrum tensor.
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Since the disturbance field is partially homogeneous,14
that is, homogeneous in thex andz directions and inhomo-
geneous in they direction, the two-point correlation function
is
Ri j ~y,y8,r ,t !5AE d2k P~k1 ,k3!eik•r23nk2tûi* ~y,k!
3û j~y8,k!, ~31!
where r5(x82x, 0,z82z), A is a constant proportional to
the initial disturbance kinetic energy, andP(k1 ,k3) again
plays the role of a probability distribution for the disturbance
second moments. In order to obtain explicit expressions for
the components ofRi j (y,y8,r ,t), the values for the param-
etersl andm in ~29! must be substituted into the component
disturbance mode equations~17!–~19!. In the boundary-free
case, an exponential time decay with coefficient22nk2 is
shown in~4!, whereas, in this wall-bounded case, the coef-
ficient 23nk2 is found. This is because of the value ofl,
which is zero in the boundary-free case and12 in this wall-
bounded case.
An energy spectrum tensor can also be defined at each
fixed y as a Fourier transform inx andz:
Ei j ~y,k1 ,k3 ,t !5AP~k1 ,k3!ûi* ~y,k!û j~y,k!e23nk
2t.
~32!
Once again, it is necessary that the energy spectrum be ana-
lytic at k50. From ~17!–~19!, this analyticity requires that
the distributionP(k1 ,k3) have a leading-order behavior of
k2. In addition, the finiteness of the initial disturbance energy
implies that the spectrum should go to zero sufficiently rap-
idly for largek, specifically att50. These requirements lead







wherea is related to the variance of the probability distribu-
tion. Substituting the probability distribution~33!, and the
mode disturbance equations,~17!–~19!, into the expression
for the energy spectrum tensor~32!, and integrating, it is
found that in the free stream the mean disturbance energy,
averaged over oney wavelength, 2p/Alk52A2p/k, is
K~ t !5
1
2E d2k k2A2pE dy Eii ~y,k1 ,k3 ,t !
~34!
5K0S 11 3na t D
22
,
where K0 is the initial mean disturbance energy, averaged
over y. This then identifiesA, introduced in the two-point
correlation equation~31!, asA54K0/9.
In the presence of a boundary, the mean disturbance en-
ergy decays according to a power law with exponent22, in
contrast to the exponent2 52 obtained for the boundary-free
case. The difference between the two cases arises from the
fact that for bounded flow only two independent wave num-
bers are integrated in~34!, while the integral in~7!, for
boundary-free flow, contains three independent wave num-
bers.
From Eq. ~14! with p52, it is seen that for laminar,
linear decaying disturbances in the presence of a wall, the
coefficient in the mean disturbance dissipation rate equation
is C«251.5. In the turbulent case, the experiment of Thomas
and Hancock,9 with a turbulent Reynolds number ReT
(5K2/n«) of 2000, yielded a decay law near the wall of
approximately 1, which in turn gave a value forC«2 of 2.
The recent direct numerical simulation of Perot and Moin,11
with ReT5137, also displayed a decay law near the wall of
approximately 1.
It may appear surprising that the wall affects the decay
rate of linear disturbances infinitely far from the wall. The
derivation of this result is based on the assumption that the
initial disturbance field is an ensemble consisting of linear
superpositions of modes which each satisfy the wall bound-
ary condition ûi(0)50. This boundary condition fixes the
phases of the disturbances in the direction normal to the wall
up to infinity, while the phases in the directions parallel to
the wall are random. The situation is different for decaying
isotropic turbulence, where, in the initial stages of decay,
nonlinear interactions among the modes randomize the
phases in they direction outside of a viscous sublayer next to
the wall. Even when the turbulence has decayed to a stage
where the nonlinear terms can be neglected, the phases will
remain random far from the wall. For this reason, turbulence
in the final stage of decay is unaffected by a wall outside of
the viscous sublayer.
It is finally necessary to consider the condition for the
validity of the linear approximation for decaying distur-
bances. Since there is no mean flowU, one cannot impose
the obvious conditionuuu/uUu !1. In the absence of mean














The nonlinear terms can be neglected when the inertial






The scale for the amplitude of the disturbance velocity is set
by the initial disturbance kinetic energy,ui;K0
1/2. The
length scaleL is determined from the probability distribution
for disturbance second moments, the standard deviation fix-
ing a wave vector scaleL21. For a probability distribution of
the form k2e2ak
2





Although the parametera (orL2) appearing in the probabil-
ity distributions~10! and~33! does not affect the value of the
destruction of dissipation coefficientC«2, it does appear in
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the crucial inequality~37! which determines the validity of
the linear approximation. This inequality can be expressed in






where the initial disturbance dissipation rate«0 is propor-
tional, in both the boundary-free and wall-bounded cases, to
nK0 /a. Thus, Red;aK0 /n
2, and the condition for the valid-
ity of the linear approximation for decaying disturbances can
be expressed in the form Red!1. This inequality gives a
quantitative definition of linear disturbances in the laminar
regime.
IV. CONCLUSION
This work has introduced an approach to transition mod-
eling in which deterministic solutions of the linearized
Navier–Stokes equations are combined with a probability
distribution that accounts for the uncertainty in initial condi-
tions to obtain mean transport equations for disturbances in
the laminar regime. This approach was applied to the study
of decaying disturbances in zero mean-shear flows. The
analysis has shown that the linear disturbance field in lami-
nar flow decays at rates which differ from that of the turbu-
lence field. In the boundary-free case, the disturbance kinetic
energy decays at a much faster rate of52 than the correspond-
ing turbulent kinetic energy decay rate of'1.25. This yields
a destruction-of-dissipation rate coefficientC«2 in the mean
dissipation rate transport equation of 1.4 for the linear dis-
turbances and'1.8 for the turbulence. In the case with a
wall boundary, the disturbance kinetic energy decayed at a
rate of 2, which is faster than the corresponding turbulent
kinetic energy rate of 1.0. This yields a destruction-of-
dissipation rate coefficientC«2 of 1.5 for the linear distur-
bances and'2 for the turbulence. These results are summa-
rized in Table I which clearly shows that the wall has the
effect of reducing the decay rate of the disturbance energy in
both the laminar and turbulent regimes.
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